INTRODUCTION
Let f(z) be a formal power series (fps) over a field K,, with characteristic zero subject to f(0) = 0 and f'(0) = 1. Then there exists the compositional inverse fps F(z) meaning f(F(z)) = CP;=, f,F'(z) = F(f(z)) = z. Given a formal Laurent series (fLs) g(z) over K, of the form g(z)= c g,zk, k>d (1.1) for a dc Z (integers), and given f(z) as above, the formula of Abhyankar [ 11, rediscovered independently by Garsia and Joni [S, 6, 121 and Viskov [ 151, in the one variable case gives an expression in terms off(z) and g(z) for the substitution of F(z) in g(z), namely g(Qz)) = ,;, g (g(z) f'(z) Gk(z)), (1.2) where G(z) = z-f(z) and D denotes the differential operator acting on z. (Note that, since the order of G(z) is at least two, the right-hand side of (1.2) is summable in the formal sense. The order of an fLs is the smallest integer d for which the coefficient of zd is different from zero.) It turns out that Abhyankar's formula is equivalent with the Lagrange-Good formula [9; 12; 7, Part II] , which in the one-variable case can be rewritten as [4, Identity 1.5(a)] (z") g(F(z)) = (z") g(z) ~ fn+ I(--)' n e Z, (1.3) where (2") a(z) means the coefficient of 2" in a(z). The crucial point for finding q-analogues of (1.2) is the existence of q-analogues of (1.3). Up to now three different types of q-analogues of the Lagrange formula have been discovered (see [ 11, 141 and the references cited there), two of which have general character. The first is due to Garsia [4] . The q-analogue of (1.2) coming out of his formula will be derived in Section 3. In Section 4 the q-Lagrange formula of Hofbauer [lo] further developed by the author [ 131 will be applied to deduce a q-analogue of a formula similar to (1.2):
Obviously (1.4) comes out of (1.2) by substituting g(z)/f(z) for g(z) in (1.2). Moreover, (1.4) and (1.2) are equivalent. In [S] Garsia and Joni give an alternative form of (1.2), g(e)) =g(z) + ,E, q k'(z) Q(Z))> (1.5) which corresponds to a second form of the Lagrange formula in one variable [4, Identity 1.
In Garsia's q-Lagrange theory an analogue of (1.6) could not be found, but there is one for Hofbauer's. From this we are able to derive a q-analogue of (1.5), which also will be given in Section 4.
NOTATION AND PRELIMINARIES
We use the familiar standard q-notation The q-exponential function is e,(z) = CpZO z"/[k],!. Alternative expressions are e,(z)=np=o(l +(q-l)qkz)-' and e,lq(z)=n~CO(l + (1 -q)qkz). Finally we introduce the q-difference operator by
In the q-analogues of the Lagrange formula the powersfk(z) are replaced by q-powers, say f,Jz), having the form fk(z) = xnak fnkzn, where k E Z. In the limiting case q + 1 the fLs &(z) become powers of a single fps. Substitution of the sequence f= &(z))~~ E of fLs into an fLs of the form (1. I ) is defined by dP)(z)= c !zkfkb), k>d The inverse sequence 9 = (F,(z)),, h of / is the unique solution of the equations
It is easy to show [14, Section 33 that f is the inverse of 9, too, thus establishing fk(F) = zk for /CEZ Now, following Henrici [9 J, let us recall the proof of (1.2) starting from
,4s this is valid for all n E Z. (1.2) follows. A proof of (1.5) starting from (1.6) proceeds quite analogously.
Considering this calculation we recognize that for transferring this proof to the q-case it is necessary to find a q-analogue of for all n E Z, or, what is the same, for
for all n E Z. Indeed after having found the "right" q-analogues of (G(z)/z)" this can easily be done.
THE q-ANALOGUE USING GARSIA'S q-POWERS
Here the powers h"(z) are replaced by the q-powers
where h(z) is an arbitrary fps. (For properties of these q-powers see [14, Section 61.) With the help of Garsia's [4] starring operator this could be written in a closed expression,
Let f(z) be an fps with f(0) = 0 and f'(0) = 1. It is the surprising result of Garsia [4, Theorem 1.11 that the inverse sequence off= (fCk~41(z)),,, also can be written in terms of q-powers, namely 9 = (FC',"Y1(z)),EH, where the so called "right inverse" of f(z), F(z), satisfies F(/)(z) = z (vice versa, f(z) is called the "left inverse" of F(z)). The q-Lagrange formula [4, Theorem 1.21 reads
where the fps f"(z) is the q-analogue for f'(z) and is uniquely determined by
(hk, is the Kronecker delta.) The next lemma essentially contains the wanted q-analogue of (2.3). [2, p. 893, we get the recurrence relation (3.6) for k z 1. From this identity, by an inductive argument, it can be derived that the order of H'k,y'(z) is k. Therefore the infinite formal sum is well defined. Rewriting (3.6), with k replaced by k + 1, as
multiplying both sides of this identity by (-l)k [zly, and summing up over all k E No, leads to
by (3.5) . As from the definition Eco.y1 = hCo,yl(z), by induction, ~["s"l(z) = ht",Y](z) for all n E Z is proved, which is (3.4). 1
Before formulating the q-analogue of Abhyankar's formula it is convenient to adopt two further notations of Garsia's paper [4] . The unroofing operator ", acting on fLs of the form ( 1.1 ), is defined by (g(z)) " = 1 gkq(i)zk. 
/=O (Hck3')(z) is given by (3.3)), then .for g(z), an ,fLs of the form (l.l), holds
Starting point is (3.1) with q replaced by l/q. If J(z) denotes the right inverse of F(z) then (3.1) reads <z"> dmz) = (=O> g(z)
qpnz JO(q-"z)
The connection between the right and left inverse of F(z) was discovered in [ 14, Use of (3.12) turns (3.11) into (z"> gbw) = (z"> g(z) 4rz lf0W"c7&) 4"700(4 -nwCn~l'y'wd 1f(4-"z)' By (3.13) and (3.14) this is <z"> g(m) = (z"> &W" zf O(z)
and, after having replaced f(z) by z/z(z),
Application of (3.4) gives
To establish (3.10), both sides of the last equation have to be multiplied by zn and then summed up over all n E Z. i Comparison with (4.1) completes the proof of (4.3) because of the uniqueness of the q-powers ~~(2). 1
Perhaps it is interesting to note that there is a result which in a way is dual to Lemma 5. We will state it without proof, because it runs in the same manner as that of Lemma 5. The reason why by Lemma 5 we do get a q-analogue of Abhyankar's formula, but we do not by trying with Proposition 6 is that there exists a q-Lagrange formula for the sequence (.?k/$?k(z))k,z, but there is none for the sequence ( zk/'p -k(~))ke =. The q-analogue of (1.4) is the contents of Rrmurk. In the case q = 1 as mentioned above, (~~(2) are powers of an fps Cp(z) and cp(z) is the analogue for @'(z)/@(z). Thereforef,(z) are powers off(z)=z/@(z) and z~'(l -(z/q) (p(z/q)) -,f"(z)/f(z) for q + 1.
Proc$ According to (4.8) and (4.3),
Multiplication of both sides of this equation by 2' and summation over all n E Z furnish (4.10). 1
Next we derive the q-analogue of (1.5). This leaves us to prove that (4.14) is true for n=O, too. By (4.13) and (4.4) the right-hand side of (4.14) for n = 0 can be transformed as follows: By the q-Lagrange formula (4.12) it is possible to evaluate F,(z):
f-,(z) = f) "";nJT:"l-;-' 2". Setting g(z) = z' in (4.29) and equating coefficients of z" of both sides leads by a short calculation finally to the well-known identity [S, identity (3.7) J (4.31) where we set n -I = j.
